The mean electromotive force and α eect are computed for a forced turbulent ow using a simple nonlinear dynamical model. The results are used to check the applicability of two basic analytic ansätze of mean-eld magnetohydrodynamics -the second order correlation approximation (SOCA) and the τ approximation. In the numerical simulations the eective Reynolds number Re is 2 − 20, while the magnetic Prandtl number P m varies from 0.1 to 10
INTRODUCTION
It is widely believed that magnetic eld generation in cosmic bodies is governed by turbulent motions of electrically conducting uids (Moatt 1978; Parker 1979; Weiss 1994; Brandenburg and Subramanian 2005) . One of the most important outstanding problems of astrophysical magnetohydrodynamics is to explain the phenomenon of large-scale magnetic activity which is observed in a wide range of astrophysical objects, e.g. the Sun and late-type stars, galaxies, accretion disks, etc. In these cases the spatial and temporal scales of the generated magnetic elds can greatly exceed those of the turbulent uctuating velocity and magnetic elds. According to mean-eld magnetohydrodynamics (Moatt 1978; Parker 1979; Krause and Rädler 1980 ) the evolution of the large-scale magnetic eld B in turbulent highly-conducting uid with mean velocity U is governed by ∂B ∂t
where the mean electromotive force, E = u × b is given by the correlation between the uctuating components of the velocity eld of the plasma, u, and the uctuating magnetic elds, b. We can expect a linear relationship between the mean electromotive force and the local large-scale magnetic E-mail: pip@iszf.irk.ru (VVP); mrep@cam.ac.uk (MREP) eld, if the assumption of scale-separation holds (Moatt 1978; Proctor 2003) :
where α and β are tensors which are usually evaluated by considering the dynamic equations for the small-scale velocity and magnetic elds. If we suppose that U = 0, these equations are
where p is the uctuating pressure, f is the random force driving the turbulence and η, ν are the molecular diusivity and viscosity, respectively.
We could also self-consistently include the eects of rotation, since the Coriolis force is linear; this enhancement is left for a future paper.
It is known that the symmetric part of α and antisymmetric part of β in (2) give the source and diusion terms of the mean magnetic eld in (1), respectively. The antisymmetric part of α is usually interpreted as the mean pumping arXiv:0712.4311v1 [astro-ph] 28 Dec 2007 Figure 1 . The geometry of the model. velocity and the symmetric part of β may contain the additional source term B (e.g. Rädler's, Ω × J eect, (Rädler 1969) ). For the solar dynamo the symmetric part of α (or simply α-eect) is a key ingredient of most mean-elds models which claim to explain the large-scale magnetic activity of the Sun.
There are currently two basic analytic methods for the approximate evaluation of E and tensor coecients in (2) on the basis of (3,4). The most usual method is the second order correlation approximation (SOCA) (Krause and Rädler 1980) which is also known as rst order smoothing (FOSA) (Moatt 1978) . In this approximation, all the nonlinear contributions of the uctuating velocity and uctuating magnetic elds in (3,4) are neglected. This approximation has well-known limits to its accurate application. It is good either for poorly conducting plasma (low Rm) or for the weak turbulence case (low Strouhal number). Neither limit is very appropriate in astrophysics where we have highly-conducting strongly turbulent uid. On the other hand the τ -approximation, which uses a higher order momentum closure and could be relevant for exploring many common astrophysical situations, has no well dened mathematically formulated limits. The particular variant of the τ -approximation that is used in the paper will be described below.
In the paper by Courvoisier et al. (2006) bulence modelling (Gledser et al. 1981; Bohr et al. 1998) .
A combination of the mean-eld dynamo with a shellmodel was explored in Sokolo and Frick (2003) . There a dynamical system based on the shell-model was invoked to describe the dynamics of the small-scale uctuating velocity and magnetic elds. Here, we utilize a similar idea but with a different purpose. Consider a velocity eld with the Fourier
Let N = 4 and the wave-vectors form a tetrahedron as shown in Figure 1 . Without loss of generality the wavevectors may be taken to have unit modulus. We suppose that the uctuating magnetic eld has the same representation, and that the nonlinear coupling terms only project onto this same set of vectors. It may be shown that the resulting closed nonlinear system obeys all the usual conservation laws in the absence of diusion, and so seems a useful test bed for examining the accuracy of the various approximations. Projecting equations (3,4) onto the given Fourier components we get equations for the modes:
where the superscript (l) means the number of the mode and To formulate the variant of the τ -approximation which is relevant for the given model we need equations for the second-order products of the uctuating elds averaged over the ensemble of uctuations. Starting from (5,6) we get:
where the tilde above physical quantities means the complex conjugate and averaging over the ensemble of uctuations is denoted by an overbar. In the τ -approximation (see, e.g.
Brandenburg and Subramanian (2005); Rogachevskii and
Kleeorin (2003) ) we replace the third order contributions in (7, 8, 9) by the corresponding relaxation terms of the secondorder contributions. For example, in (9) we set
where τ denotes the typical relaxation time of the uctuating terms. In this formulation τ is an external parameter of this approximation. We do not need to solve equations (7, 8, 9) . Instead we will use the left part of (10) to nd the mean electromotive force obtained with the τ -approximation.
The model (5,6) is clearly a good one when the diusivities are large, but will not give any better results than the other truncations when the diusivities are small. Nonetheless it does provide a useful simplication in mid ranges and permits the testing of the various approximations. Plainly a major simplication is that the elds are monochromatic.
This could and should be remedied by increasing the number of shells, but this has not yet been attempted.
THE MODEL DESIGN
Equations (5, 6) were solved numerically using a second order time integration scheme. Time is measured by the typi- The eective Reynolds number is given by Re = uc c/ν. In computations presented below we use ν = 0.05 and ν = 0.01. We dene the random driving force by writing 
where tilde means the complex conjugate. Suppose the mean magnetic eld has xed direction, B = exBx. The important component of the mean electromotive force is Ex, and so we dene the α eect via α = Ex/Bx. The mean electromotive force E is found by summation over all modes and in averaging over the long-time interval equal to about 3000 diusion times of the system (here M is the total number of time-steps)
Typical realizations of Ex = εijq P (l) χ n jq for case Pm = ∞ and Pm = 1 are shown on the gure 2. The averaging was done over 16 such realizations. For the purpose of comparison we also solve equations (5, 6) using the rst order smoothing approximation (FOSA), in which the tensors M, N are set to zero. To test the τ approximation we evaluate the third order moments (see explanations above):
First we give a detailed description of results for the case ν = 0.05. The results depend very much on whether there is a small-scale dynamo -that is whether a small scale eld can exist in the absence of the imposed large scale eld. The value of Pm aects both the threshold and intensity of the small-scale dynamo. The relation between Pm and the amplitude of the small-scale magnetic eld uctuations for B = 0 is shown in Figure 3 . For Case 1 there is a small-scale dynamo if Pm 10. Also, as may be veried directly from the equations, the amplitude of the mean electro-motive force tends to zero if Pm approaches innity. This is illustrated in Figure 5 for the case B/ν = 1. The typical Reynolds number is Re ≈ 2.2 for Case 1 and Re ≈ 4.8
for Case 2.
For Case 2 the threshold is about, Pm ≈ 1. We can see that for large Pm there is approximate equipartition between the energies of the uctuating velocity and magnetic eld.
As well as examining the accuracy of FOSA, we will explore the usfulness of the τ -approximation. The approximation relies on knowledge of the typical relaxation times τ (m) , τ (h) of magnetic and hydrodynamic uctuations.
These quantities were found from auto-correlation functions;
for τ (h) we have Examples of these ts for the dierent cases are shown on the g6. The t (14) does not work well for high Pm as the mean electromotive force tends to zero and is highly uctuating.
However the limiting behaviour for strong magnetic elds is approximated quite well. The deviation of the FOSA from the exact solution is clearly seen for high conductivity and Case 2. In the same way we can say that the τ approximation gives a better t to the exact solution for those parameter values. This is conrmed by the results shown in Figure 7 , where we show variations of A1−3 with Pm.
Several features are quite well seen in Figure 7 . First, in Case 1 the τ approximation seems bad. Even the sign of eect is opposite to that for the exact solution. On the other hand a signicant dierence between the exact solution and FOSA is well seen for the high Pm. Second, catastrophic quenching, when A2 ∼ Rm, is found for the high-conducting case. This phenomenon is more pronounced for FOSA than for the τ approximation and the full solution. Third, in Case 1 for FOSA the power A3 of quenching function is about 1.8 in the whole range while for Case 2 it is slightly higher -2. A formula that is widely quoted and has been justied by use of the τ approximation is the simple relation between kinetic and current helicities in turbulent ows and the α eect, α ∼ τ (hC − hK), where hC = µ −1 b · ∇ × b and hK = u · ∇ × u Brandenburg and Subramanian (2005); Krause and Rädler (1980) ; Moatt (1978) ; Kuzanyan et al. (2006) . In Figure 9 we show the α eect and residual helicity cτ (h) (hC − hK)(with τ (h) as given in Figure 4 ) for two cases of the random force driving the turbulence. The coecient was approximately chosen to match the maximum magnitude of the α, we put c = 1/3 both for Case 1 and for Case 2. Clearly, there is no unique relation between α and residual helicity on the whole range of Pm. Though there is correspondence in sign.
Next we consider some results for a somewhat higher The reversal of sign the α eect for high Rm was also found by Courvoisier et al. (2006) . Having in mind that the energy of magnetic uctuations dominates the kinetic energy of the ow we could interpret this on the basis of results of analytical calculations of the α eect for a rotating stratied turbulence within τ -approximation as those given in, e.g., Rädler et al. (2003) ; Rogachevskii and Kleeorin (2004); Pipin (2007) . Suppose that the vector U characterizes the stratication scale and Ω is a global rotation velocity then for the case of slowly rotating media penetrated with a weak large-scale magnetic eld, within τ -approximation we ob- clarication, but we can say with some condence that if the approximation schemes fail for the present model they are unlikely to be very good for a fully resolved calculation.
In the paper we present numerical calculations of the mean electromotive force for two dierent temporal regimes of the random force driving the turbulence. One case (Case 1) is essentially white-noise forcing and the other (Case 2) is a coloured noise with a random force which was updated each 50th time step (for our parameters this is about two diusion times of the system). We found that in the high conductivity limit, the dierence between SOCA and the full solution of the model is quite signicant. In particular, the full α eect is more than 10 times smaller than that from SOCA. The dierence in magnetic quenching is not very large. For high Pm the αeect is quenched α ∼ B 
